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The rise of LLMs

I saw a cat on a
LLMPrefix / History

carpet
Next word
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The scaling era [Kaplan et al., 2020]
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Applications of LLMs

In this paper, we study a 
simple method for 
detecting distribution 
shift. The idea is to 
compare the empirical 
distribution of the 
generated tokens with 
the reference 
distribution and see if 
there is a significant 
difference. Although the 
method is easy to 
implement, the 
explanation of why it 
works is not very clear.

This paper investigates a 
straightforward 
approach for detecting 
distributional shifts by 
comparing the empirical 
token distribution with a 
reference model. 
Despite its 
computational 
simplicity, the method is 
supported by a clear 
statistical rationale: 
deviations in the 
empirical frequencies 
reveal discrepancies 
between the underlying 
generating processes.
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From scaling to research

Time
2018-2025 2025-

Scaling 
(Optimizing solutions 

to given tasks)

Research 
(Formulating the right 

questions and objectives)

“Back to the age of research with big computers.” — Ilya Sutskever, 2025.
Recent invited talks, such as Shunyu Yao’s ICLR 2025 lecture, emphasize that
future progress depends on formulating the right research questions.
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What statistics can contribute to LLM research [Su, 2025]

A second-principle lens: treat LLMs as complex, data-driven stochastic systems
and study quantitative regularities of specific behaviors, without studying every
mechanism.
Emergent simplifications at scale: as system complexity grows, certain patterns
become stable and analyzable.
Why it is practical now: statistical approaches can provide compute-light first
steps toward reliability—robustness, detection, evaluation, and uncertainty
quantification.
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Statistical foundation for LLMs
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My work on statistical foundation of LLMs

Language watermarking
Optimal detection [Li et al., 2025b, Cai et al., 2025]
Robust inference [Li et al., 2025a]
Proportion estimation [Li et al., 2025d]
Empirical study of GoF tests [He et al., 2025a]
Watermarking tabular data [Zhao et al., 2025b]
Inference acceleration [He et al., 2025b]

Model evaluation [Li et al., 2025e]

Uncertainty quantification [Xin et al., 2025]
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Part I: Optimal Detection for Language Watermarking

A Statistical Framework of Watermarks for Large Language Models: Pivot,
Detection Efficiency and Optimal Rules
Annals of Statistics (2025) — Selected for JSM 2025 AoS Invited Paper Session

Robust Detection of Watermarks in Large Language Models under Human Edits
JRSS Series B (2025) — Selected for RSS 2026 Editors Invited Session

Feng Ruan Huiyuan Wang Qi Long Weijie Su



Peer review or LLM-assisted review?

Liang et al. [2024] finds that
between 6.5% and 16.9%
reviews of some ML
conferences were substantially
modified by LLMs.
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Peer review or LLM review?

ICLR 2026 is reportedly seeing a
surge of LLM-generated reviews
with extreme scores.
Pangram Labs estimate that of
75,800 paper reviews, 21% were
fully AI-generated and another
35% were AI-edited to varying
degrees.
Is your paper review really a peer’s
opinion or LLM’s hallucination?
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Even use LLMs to write papers!
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How to detect AI-generated text (provably)?

Use linguistic pattern differences [Mitchell et al., 2023, Bao et al., 2023, Yang et al., 2023]

Train binary classifiers [GPTZero, 2023, ZeroGPT, 2023, Emi and Spero, 2024]

Empirically, inaccurate, unreliable [Weber-Wulff et al., 2023] & often biased [Krishna et al.,
2024, Sadasivan et al., 2023, Liang et al., 2023]
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It seems hopeless...
Fundamentally impossible to distinguish between LLM-generated and
human-written text (based solely on the text itself).

10 / 49



A principled approach: Watermarking LLM-generated text

Hope: LLMs are probabilistic machines, and we control how they generate texts.

A watermark embeds a private, detectable signal into LLM-generated text by
modifying the model’s generation only [Kirchenbauer et al., 2023].

Creates a statistical dependency between the visible text and a private information.
Unlikely to appear in human-written text.
Efficient, provable, and slight (or no) degradation on text quality.
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An active research area with practical importance

A Zoo of Watermarking Schemes (since Jan 2023):
[Kirchenbauer et al., 2023, Aaronson, 2023, Kuditipudi et al., 2024, Zhao et al., 2025a, Christ et al.,
2024, Wu et al., 2024, Hu et al., 2024, Kirchenbauer et al., 2024, Zhao et al., 2024, Xie et al., 2025b, Fu
et al., 2024, Dathathri et al., 2024, Gloaguen et al., 2025, Abdalla and Vershynin, 2025].

Open-source toolkits have been developed to support research [Pan et al., 2024].
Large-scale empirical studies benchmark watermarking methods [Fernandez et al.,
2023, Gloaguen et al., 2025, Piet et al., 2023, He et al., 2025a].
Applications: Academic integrity [Xie et al., 2025a], Biosecurity for protein design
[Chen et al., 2025], Misinformation control [Shumailov et al., 2023], Content transparency,
and Attribution & Liability.
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Industry commitment

In July 2023, several AI giants like OpenAI, Anthropic, Google, and Meta pledged
to the White House that they will voluntarily research and develop watermarking
options.

Gumbel-max (OpenAI) SynthID (Google Deepmind)
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Statistical questions for LLM watermarks

Two types of errors
Type I error – falsely flagging
human prose as AI-generated
Type II error – failing to detect
AI-generated text

Evaluation of watermarks
Comparing different watermarking
schemes
Finding more powerful detection rules
Robust watermark detection
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Tokens: Smallest units of LLM generation

LLMs generate text by gathering many small units, called “tokens”.
Tokens can be words, parts of words, or even punctuation marks.

https://platform.openai.com/tokenizer
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Autoregresive generation: How LLMs combine tokens

The vocabulary W = {1, . . . ,K}, a token wt , and a text w1:(t−1) := w1 · · ·wt−1.

Autoregresiveness: An LLM generates each token sequentially by sampling from
a probability distribution conditioned on previous tokens:

wt ∼ Pt where Pt = LLM(w1:(t−1)) is next-token prediction (NTP) dist. on W.

Practical constraint: Pt is unknown due to (i) limited access to LLMs and (ii)
unknown system/user prompts.
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Autoregresive generation: An illustration

I saw a cat on a

Mat       25%

Carpet  13%

Boat      5%

Plane     3%

….         …

w1:6 = [w1, w2, w3, w4, w5, w6]

LLM

Prefix Next Token, w7 ∼ P7

 

w7
carpet

Sampling

P7 = (P7,1, ⋯, P7,K)
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Autoregressive generation with watermark: An illustration

I saw a cat on a

Mat       25%

Carpet  13%

Boat      5%

Plane     3%

….         …

w1:6 = [w1, w2, w3, w4, w5, w6]

LLM

Prefix Next Token, w7 ∼ P7

 

w7 = "(P7, ζ7)
carpet

Compute

ζ7 = #(w3:6, Key)

P7 = (P7,1, ⋯, P7,K)

pseudorandom
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Comments on pseudorandom numbers
A(public data, private info) computes the pseudorandom number:

Public data = prior tokens w1:(t−1) or a segment w(t−m):t [Kirchenbauer et al., 2023].
Private info = secret key, denoted Key.
Well-developed in theoretical computer science [Barak, 2021].

Pseudorandom numbers are “reproducible” iff Key is known.
Key will be shared with the verifier through a secure protocol.

A is statsitically sensitive: outputs of different inputs will be independent.

Property (Soundness of pseudorandomness)
1. ζt = A(w1:t−1,Key) for t = 1, . . . , n are iid copies of a known random variable ζ.
2. ζt is statistically independent of w1:t−1.

Theory assumes true randomness; Implementation use deterministic generation.
Similar to setting a seed for reproducibility in simulations.
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The simplest unbiased watermark: Baby watermark
Definition (Unbiasedness)
A watermark is unbiased if the marginal distribution of w in (w , ζ) is still P, i.e.,

Pζ(S(P, ζ) = w) = Pw for any P and w ∈ W.

Let W = {0, 1},Pt = (Pt,0,Pt,1), and ζt be i.i.d. copies of U(0, 1).
Decoder:

wt = S(Pt , ζt) =
{
0 if ζt ≤ Pt,0

1 otherwise.

It is unbiased. If ζt is large, wt is more likely to be 1.
Statistic score for detection:

∑n
t=1(2wt − 1)(2ζt − 1).

Take-away
Statistically, an unbiased watermark = a sampling method from each Pt .
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Our focus: Gumbel-max [Aaronson, 2023]

Definition (Gumbel-max trick [Gumbel, 1948])
Let U1, . . . ,UK be i.i.d. copies of U(0, 1). Then,

arg max
w∈W

logUw
Pw

∼ P ≡ (Pw )w∈W .

Definition (Gumbel-max watermark)
With ζt = (U1, . . . ,UK ) = A(w1:(t−1),Key) (often depending on the last 5 tokens),

wt = Sgum(Pt , ζt) = arg max
w∈W

logUt,w
Pt,w

.

Implemented internally at OpenAI.
Unbiased as wt ∼ Pt .
Embedded signal: selected Uwt tends to be larger.
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Hypothesis testing formulation

Can always compute ζt = A(w1:(t−1),Key).
Dataset = tokens w1:n := w1w2 · · ·wn + pseudorandom ζ1:n := ζ1ζ2 · · · ζn.

Human-written
When text is written by a human, wt , ζt
are independent, since the human simply
cannot compute ζt .

LLM-generated
When text is generated by the LLM, wt , ζt
are dependent because of the decoder:
wt = S(Pt , ζt).

H0 : w1:n by human

(wt , ζt) | (w1:(t−1), ζ1:(t−1)) d= Pt × ζ

H1 : w1:n by watermarked LLM

(wt , ζt) | (w1:(t−1), ζ1:(t−1)) d= (S(ζ,Pt), ζ)
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A challenge: Unknown NTP distributions

H0 : w1:n is by human vs H1 : w1:n is by watermarked LLM

Hypothesis testing

Under H0, (wt , ζt) | (w1:(t−1), ζ1:(t−1)) d= Pt × ζ

Under H1, (wt , ζt) | (w1:(t−1), ζ1:(t−1)) d= (S(ζ,Pt), ζ)

Conservative control of Type I errors due to unknown Pt ’s.
Neyman-Pearson lemma resorts to the log-likelihood ratio test:

PH1(w1:n, ζ1:n)
PH0(w1:n, ζ1:n) =


1

P1,w1 ···Pn,wn
if S(Pt , ζt) = wt for all t

0 otherwise
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A practical approach: Pivot under the null [Li et al., 2025b]

Find a pivotal statistic Yt = Y (wt , ζt) such that
Under H0, Yt ∼ µ0, regardless of Pt

Under H1, Yt ∼ Y (S(ζt ,Pt), ζt)
d= µ1,Pt

w

ζ

Y ∼ µ0

H0

Independent

w

ζ

Y | P ∼ µ1,P

H1

S(P , ·)

Example: Yt = (2wt − 1)(2ζt − 1) ∼ U(−1, 1) under H0 for the baby watermark.
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Hypothesis testing via pivoting
Find a pivotal statistic Yt = Y (wt , ζt) such that

Under H0, Yt ∼ µ0, regardless of Pt

Under H1, Yt ∼ Y (S(ζt ,Pt), ζt)
d= µ1,Pt

Hypothesis testing via pivoting

H0 : Yt
iid∼ µ0, t = 1, . . . , n vs H1 : Yt |Pt ∼ µ1,Pt , t = 1, . . . , n

Test distributional difference rather than independence.

Tight Type I error control.
Not unique, may lead to information loss, but convenient.
Test score Th =

∑n
t=1 h(Yt) for some score function h. Reject H0 if Th is larger

than a threshold.
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Pivot for Gumbel-max watermark

Pivotal statistic: Y ars
t = Ut,wt where

ζt = (Ut,1, . . . ,Ut,K ) with wt
selected.
Under H0, Y ars

t
iid∼ µ0 = U(0, 1).

Under H1, the CDF of µ1,Pt is
P1(Y ars

t ≤ r |Pt) =
∑K

k=1 Pt,k r1/Pt,k .
0.0 0.2 0.4 0.6 0.8 1.0
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Detection for Gumbel-max watermark

Definition (Default detection for Gumbel-max)
Aaronson [2023] rejects H0 if the following Thars is larger than a given threshold:

Thars =
n∑

t=1
hars(Y ars

t ) where hars(y) = − log(1− y).

Under H0, E0[Tars] = n as hars(Y ars
t ) iid∼ Exp(1).

Under H1, E1[Tars] ≥ n +
(
π2

6 − 1
)∑n

t=1 E1Ent(Pt) where Ent(Pt) is Shannon
entropy −

∑K
k=1 Pt,k logPt,k .

Fernandez et al. [2023] proposes log y and finds − log(1− y) works better than it.
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From a statistical perspective

Questions
How to theoretically compare different score functions?
What is the “optimal” score function?

28 / 49



Detection efficiency
Fixing Type I error, a detection rule is preferred if it has a higher power.

However, the comparison depends on the unknown NTP distributions P1:n.
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Select a class P that is believed to
contain all P1:n.
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Asymptotic class-dependent efficiency
Theorem (Class-dependent efficiency)
Fixing Type I error in (0, 1), the pivot-based test statistic Th =

∑
h(Yt) satisfies

lim sup
n→∞

sup
allPt∈P

[Type II error] 1n ≤ exp(−RP(h)),

where P-efficiency rate RP(h) is defined as

RP(h) = − inf
θ≥0

{
θE0[h(Y )] + sup

P∈P
E1,P log

(
[e−θh(Y )]

)}
.
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RP(h) = − inf
θ≥0

{
θE0[h(Y )] + sup

P∈P
E1,P log

(
[e−θh(Y )]

)}
.

RP(h) is also known as Cramér rate function.
Tight in the minimax sense. Bahadur efficiency when P is a singleton.
Monotonicity: RP1(h) ≥ RP2(h) if P1 ⊂ P2.
RP(h) = 0 if P contains (1, 0, . . . , 0), thereby justifying P∆.
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Optimal score via class-dependent efficiency

Definition (Optimal score function)
Finding the optimal score h? = arg maxh RP(h) reduces to a minimax problem:

min
h

max
P∈P

L(h,P) where L(h,P) := E0[h(Y )] + log
(
E1,P e−h(Y )

)
.

The minimax problem minh maxP∈P L(h,P) is generally not convex-concave.
Case-by-case analysis is required, but we are often lucky.
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How to maximize RP(h)
Find the saddle point (P?, h?) that solves the minimax problem:

min
h

max
P∈P

L(h,P) = inf
h

{
E0[h(Y )] + sup

P∈P
log
(
E1[e−h(Y )|P]

)}
.

Theorem (Saddle point condition)
If there exists an P? ∈ P and a score function class H such that for all h ∈ H,

h? := log dµ1,P?

dµ0
∈ H, (h?)

sup
P∈P

E1[e−h(Y )|P] = E1[e−h(Y )|P?], (P?)

we then have
max
h

RP(h) = L(h?,P?) = DKL(µ0, µ1,P?),

where the maximum is obtained at h?.
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Optimal score for Gumbel-max watermark

Theorem (Optimal score for Gumbel-max watermark)
The optimal score that maximizes h?∆ := arg maxh RP∆(h) is

hgum,∆(y) = log
dµ1,P?

∆

dµ0
(y),

where
P?

∆ =
(
1−∆, . . . , 1−∆︸ ︷︷ ︸
b 1
1−∆ c times

, 1− (1−∆) ·
⌊ 1
1−∆

⌋
, 0, . . .

)
.

Key observation: E1[e−h(Y )|P] is convex in P for any non-decreasing h.
(P?) P?

∆ is the only extreme point in P∆ up to permutation.

(h?) When 0 < ∆ < 0.5, hgum,∆ = log
(
y

∆
1−∆ + y

1−∆
∆
)
↑ as P?

∆ = (1−∆,∆, 0, . . .).
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Efficiency plot for Gumbel-max watermark
Ars score: hars(y) = − log(1− y) [Aaronson, 2023].
Log score: hlog(y) = log y [Kuditipudi et al., 2024, Fernandez et al., 2023].
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Simulation results for Gumbel-max watermark
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Watermark detection under text modification

A student might modify the text generated from an LLM, either due to personalization
or to try to escape from detection.

Hypothesis testing under mixtures
H0 : Yt ∼ µ0 ∀t vs Hmix

1 : Yt |Pt ∼ (1− εn)µ0 + εnµ1,Pt ∀t

Difficulties: We know nothing about εn or Pt .

Hope: We know everything about the null H0 which always assume Y1:n iid from µ0.

Focus to determine whether the observed Y1, . . . ,Yn follows µ0.
Tr-GoF [Li et al., 2025a] checks the deviation between the empirical CDF of Y1:n and
µ0 via an f -divergence.
Too large deviation indicate the existence of watermarked subtexts.
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Tr-GoF [Li et al., 2025a]

The empirical CDF of p-values: Fn(r) = 1
n
∑n

t=1 1pt≤r where pt = 1− F0(Yt).
Under H0, we must have p1, . . . , pn i.i.d. from U(0, 1).
Tr-GoF rejects H0 if sup

r∈(p1,1)
nKs(Fn(r), r) is larger than expected for s ∈ [−1, 2]

where
Ks(u, v) = 1

s(1− s)
[
1− usv1−s − (1− u)s(1− v)1−s

]
.

One can show that Ks is the φs -divergence between two Bernoulli variables:

Ks(u, v) = Dφs (Ber(u) ‖ Ber(v)) = vφs
(u
v

)
+ (1− v)φs

(1− u
1− v

)
,

where φs is a scalar convex function indexed by s:

φs(x) =


x log x − x + 1, if s = 1,
1−s+sx−x s

s(1−s) , if s 6= 0, 1,
− log x + x − 1, if s = 0.
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Robust performance of Tr-GoF

C4 news-like dataset [Raffel et al., 2020] & OPT-1.3B model [Zhang et al., 2022].
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Why Tr-GoF performs so well? [Li et al., 2025a]

A theoretical question
Why Tr-GoF performs so well in the mixture watermark detection problem?
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Optimal detection under pseudorandom collision [Cai et al., 2025]

Perfect pseudorandomness: treats ζ1:n as i.i.d., often unrealistic.
Each ζt = A(w(t−m):(t−1),Key) uses an m-token text window.
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Optimal detection under pseudorandom collision [Cai et al., 2025]

Perfect pseudorandomness: treats ζ1:n as i.i.d., often unrealistic.
Each ζt = A(w(t−m):(t−1),Key) uses an m-token text window.

We propose a two-layer hierarchy partition to capture collision patterns and derive
the optimal detector within it.
Takeaway: We theoretically justify the practice: for Gumbel-max, just remove
repeated Yt ’s and apply hgum,∆.
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Summary

Watermarking

A principled statistical framework for
detecting unbiased watermarks.
Optimal detection remains possible
under user corruption and imperfect
pseudorandomness.



Part II: Evaluation of Unseen LLM Capabilities

Evaluating the Unseen Capabilities: How Many Theorems Do LLMs Know?
Under review at PNAS

Jiayi Xin Qi Long Weijie Su



Evaluation of LLMs

Validate performance of
reliability of LLMs.
Guide effective and
trustworthy deployment.
Reveal potential limitations,
biases, or vulnerabilities.
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An evaluation crisis
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An evaluation crisis

Some causes of the crisis
Benchmark contamination [Sainz
et al., 2023].
Overfitting through repeated
leaderboard submissions [Singh
et al., 2025].
Narrow test-time optimization
strategies [Leech et al., 2024].
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An alternative perspective for LLM evaluation

Could we evaluate LLMs by estimating their “unseen” capacity or knowledge?

How Many Theorems
Does an LLM Know?

Give me a list of theorems

User

Give me a list of theorems

User
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...
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Our method: KnowSum
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How to extrapolate from seen to unseen

Good-Turing (GT) estimator for cracking Enigma Smoothed GT estimator for estimating vocabulary
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How to extrapolate from seen to unseen
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How many theorems do LLMs know?

868 753 702 444Seen

10641194 1189 1162Total

868 753 702 444Seen

10641194 1189 1162Total
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Summary

Watermarking

A principled statistical framework for
detecting unbiased watermarks.
Optimal detection remains possible
under user corruption and imperfect
randomness.

Model Evaluation

Estimating unseen knowledge
enables more faithful LLM
evaluation.
Accounting for unseen knowledge
can change model rankings.



What can statistics offer to LLMs?

From practice to theory: Practical needs motivate new statistical questions.
Optimal detection and robust inference for watermarking signals.

From theory to practice: Statistical ideas provide insights into LLM behavior.
Good–Turing estimators reveal unseen LLM knowledge.
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Another philosophy: Interplay between Stat and Opt

Statistical machine learning
Non-stationary data [Li et al., 2023a]
Heavy-tailed noise [Li and Sun, 2024]
Adversarial corruption [Yu et al., 2025]
High-dimensionality [Li et al., 2025f]
Sparsity [Yang et al., 2019]

Stochastic approximation
Polyak averaging [Li et al., 2023b]
Second-order method [Li et al., 2020b]
Two-time-scale [Han et al., 2024b]
Functional central limit theorem
[Han et al., 2024a]
Jump diffusion [Liang et al., 2022]

Federated optimization
Convergence analysis [Li et al., 2020a]
Confidence intervals [Li et al., 2022]
Communication efficiency [Li et al.,
2019, 2021]
Personalization [Lin et al., 2022, Han
et al., 2024c]
Privacy [Guo et al., 2024, Li et al., 2025c]
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Future directions

PracticeTheory

Statistics

Optimization

Watermarking Foundations

Fundamental Limits & Reliability

Evaluation & Synthetic Data

Thank You!

Uncertainty Quantification
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Joint null conditional distribution of (wt , ζt)

(A1) Under H0, wt ⊥ ζt conditional on (w1:(t−1), ζ1:(t−1)).
(A2) ζt is (statistically) independent of w1:(t−1)

(A3) ζ1:n are i.i.d. copies of a random variable with law Pξ.

P0(wt , ζt | w1:(t−1), ζ1:(t−1)) (A1)= P0(wt | w1:(t−1), ζ1:(t−1)) · P(ζt | w1:(t−1), ζ1:(t−1))
ζt=A(w1:(t−1),Key)

= P0(wt | w1:(t−1)) · P(ζt | w1:(t−1))
(A2)+(A3)= Pt · Pζ(ζt).



Why pivotal statistics are i.i.d. under H0

1. Under H0,
(wt , ζt) | (w1:(t−1), ζ1:(t−1)) d= Pt × ζ.

2. By definition of a pivotal statistic,

Yt := Y (wt , ζt) satisfies Yt | (w1:(t−1), ζ1:(t−1)) ∼ µ0.

3. Since σ(Y1:(t−1)) ⊂ σ(w1:(t−1), ζ1:(t−1)), the tower property gives, for any
bounded measurable f ,

E[f (Yt) | Y1:(t−1)] = E
[
E[f (Yt) | w1:(t−1), ζ1:(t−1)] | Y1:(t−1)

]
=
∫

f dµ0.

4. Hence Yt | Y1:(t−1) ∼ µ0, and {Yt}t≥1 are i.i.d. under H0.



When the robust detection is possible? Optimal detection boundary

Hypothesis testing under mixtures
H0 : Yt ∼ µ0 ∀t versus Hmix

1 : Yt |Pt ∼ (1− εn)µ0 + εnµ1,Pt ∀t.

Definition (A difficult case)
We consider an extreme case where

εn � n−p for all t and p ∈ (0, 1].
1−maxw∈W Pt,w = ∆n for all t with ∆n � n−q and q ∈ (0, 1).

Motivated by sparse detection problem [Donoho and Jin, 2004, 2015].
If εn = 0 or 1−maxw∈W Pt,w = 0, (1− εn)µ0 + εnµ1,Pt = µ0, i.e., H0 merges
with Hmix

1 .



When the robust detection is possible? Optimal detection boundary

Theorem (Optimal detection boundary on the (p, q)-plane)

If q + 2p > 1, H0 and Hm
1 merge asymptotically. For any test, the sum of Type I

and Type II error probabilities is 1 as n→∞.
If q + 2p < 1, H0 and Hm

1 separate asymptotically. Furthermore, for the
likelihood-ratio test that rejects H0 if the log-likelihood ratio is positive, the sum
of Type I and Type II error probabilities tends to 0 as n→∞.

=⇒ Robust detection is impossible for small watermark signal, i.e., q + 2p > 1.
=⇒ With sufficient watermark signal, detection is possible with the likelihood-ratio

test an optimal rule, i.e., q + 2p < 1.
!!! The likelihood-ratio test is impractical as it needs to know Pt ’s and εn.



Adaptive optimality Optimal detection boundary

Target
An ideal optimal detection method should work as long as q + 2p < 1 and don’t
requires the knowledge of Pt ’s and εn.

Our finding
The GoF test achieves this optimal detection boundary.

Theorem (Adaptive optimality)
The Type I and II errors of the Tr-GoF test → 0 if n→∞ as long as q + 2p < 1.

Optimal adaptivity without any prior knowledge.



What about constant corruption? Optimal detection efficiency

The optimal detection boundary cares about the diminishing region where the
watermark signal decays with the text length n.
Practical settings meet with the constant corruption case, i.e., εn ≡ ε.
The problem is detectable because p = q = 0 (within q + 2p < 1).
Recall P-efficiency: the rate of exponential decrease in Type II errors for a fixed
significance level α and the worst-case alternative within a belief set P.

Definition (P-efficiency [Li et al., 2025b], revisited)

Let γn,α satisfy P0(Sn ≥ γn,α) = α for n ≥ 1. For a given belief set P, we define the
following limit (if exists) as the P-efficiency of Sn and denote it by RP(Sn):

lim
n→∞

sup
Pt∈P,∀t∈[n]

1
n logP1(Sn ≤ γn,α) = −RP(Sn).



What about constant corruption? Optimal detection efficiency

Theorem (Optimal P∆-efficiency)

Let s ∈ (0, 1), εn ≡ ε ∈ (0, 1] and ∆n ≡ ∆ ∈ (0, 1).

RP∆(any detection rule) ≤ DKL(µ0, (1− ε)µ0 + εµ1,P?
∆

) ≤ RP∆(Tr−GoF)

where P?
∆ is the least-favorable NTP distribution defined by

P?
∆ =

(
1−∆, . . . , 1−∆︸ ︷︷ ︸
b 1
1−∆ c times

, 1− (1−∆) ·
⌊ 1
1−∆

⌋
, 0, . . .

)
.

Upper and lower bounds.
When ε = 1, this rate is obtained by the sum-based test defined by hgum,∆.
Optimal efficiency without any prior knowledge.
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