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Federated Learning (FL)

@ FL collaboratively trains a global model from data held by remote
devices without data sharing [McMahan et al., 2017].

@ Assume K devices with weight px and objective function

fi(x) .= E¢,on, f (X, &k)-

@ The central server tries to min, S-K_, pifi(x).
@ Equivalent to the global consensus problem:

K
min Z prfx(xx) such that x; = - = xk.
X150 XK
k=1
What if we concatenate all local x,'s and f;'s? |
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Introduction

Linearly Constrained Problem

@ We consider
min f(x) := Ecupf(x,¢) subject to A'x = 0. (1)

@ Reduced to FL if x = (> ,--- ,xg) ", ¢ = (&, , &) T € RK9 and
K ~
F(x.0) =D puf (i, &), A= (1,—1,0;0,1,—1,0; - - - ) € RIK-1xKd,
k=1

@ A simple and general formulation, if f and A are general.
o Data heterogeneity: argmin f(x) # argmingr,_g f(x) =: x*.

e Communication/synchronization < projection.
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Local SGD

m+l
Iocal updates

Commumc

t+1
= — xtiﬂ
tm tm+1
) xk—n,8 ift, <t+1<t,,

X, 1= X
" zk:lpk[xt ﬂmg,] lft+1_t

Figure: lllustration of Local SGD.

What's the counterpart algorithm of Local SGD in solving the general (1)?)
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Introduction

Loopless Projected Stochastic Approximation
(LPSA)

@ Key idea: lower projection frequency to improve projection efficiency.
@ The algorithm: for each iteration n > 1,

@ Sample data ¢, ~ D and w, ~ Bernoulli(p,).

Q X1 = Xp — NV (Xn, Cn)-

Q xp1= ,PALXn+% if w, =1 else = Xpi1-

@ A loopless version of Local SGD [Stich, 2019].

Main Question
How different p,'s changes the asymptotic behavior of LPSA? J
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Why this Question Matter?

Main Question

How p, x nﬁ changes the asymptotic behavior of LPSA?

@ Popularity of lazy communication/local updates.
@ Limited theoretical understanding (typically MSE).

@ Provide insights for future algorithm design.

Xiang Li (Peking University) Loopless Projected SA Allerton Conf. Sep. 27, 2023

6/15



Outline

© Main Results

Xiang Li (Peking University) Loopless Projected SA Allerton Conf. Sep. 27, 2023 6/15



Main Results

Convergence Result

Decompose x, = up + v, where u, = Pp1(x,) and v, = Pa(xn)-

Theorem (Convergence)

«

Under some standard assumptions [Liang et al., 2022] and n, « n=® and

pn = min{nh, 1} with o € (0,1] and B € [0,1),

E |u, — x*||* = (’)(n—amin{ll(l—ﬂ)}) and E ||v, || = O(n—2a(1—6))'

o With frequent projection 8 < 0.5, E |[u, — x*||*> = O(1n).
@ With occasional projection 8 > 0.5, E ||u, — x*|* = (’)(n,z,(l_ﬁ)).

Xiang Li (Peking University) Loopless Projected SA Allerton Conf. Sep. 27, 2023 7/15



Main Results

Asymptotic Behaviors

Theorem (Asymptotic behaviors)

Under some standard assumptions, we can find a PSD matrix ¥ and a
vector p such that

e Frequent projection 3 € [0,1/2): 1/2( x*) % N(0,5).

@ Occasional projection 5 € (1/2,1): nl—,ﬁ(un — x*) CA 73

e (New) Moderate projection 3 = 1/2: nm( — x*) LN N(u, 5).
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Main Results

Summary
64 E|lu, — x*||° Asym. dist. of u, — x* Behavior
[0,1/2) O(nn) Vin - N(0, %) Var dominate
1/2 O(nn) Vn - N(p, X) Bias ~ Var
(1/2,1) 0(7]3(175)) i Bias dominate
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Debiased Variant

Where the Bias Comes from

Uni1 = Up — NnPar VF(xn) + nnlD,
~ Uy — NP ar V2 (x*) (% — x*) + 0L,

Let A, = E|ju, — x*||°. Then,

An—‘,—l j (1 - Cnn)An - 277nE<un - X*) vzf(X*)Vn> + 77%-

Lemma

‘E <u,, — x*, V2f(x*) (v, — Evn)>‘ = o(n2(1=0)),

D1 3 (1= cnn)Dy — 20.E(u, — x*, V2 (x*)Ev,) + o(n3~27).
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Debiased Variant

Remove the Bias

If the gradient is evaluated at x, — Ev,, rather than x,, i.e.,

Upi1 = Up — nnPALVf(Xn - Evn) + nngr(rl)v

we then have

An+1 ,ﬁ (1 - Cnn)An + O(UE_ZB)-
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How to Approximate Ev,

Lemma

v, d Vf( )
n? V(x4

where E(0) represents the exponential distribution with expectation 6.

E(IVECAD

E _77n /BVf( )

* is unknown in practice

However, x

Solution
Replace Vf(x*) by Vf(x,,(})- J
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Debiased LPSA (DLPSA)

o Key idea: evaluate gradient at x, + ’r],l,_BVf(x,,, ¢l) instead of x,.
For each iteration n > 1

@ Sample ¢,, ¢, ~ D and w, ~ Bernoulli(p,) independently.
e XnJr% = Xp — 77an (Xn + n},_BVf(xm C;)a Cn)

Q xpp1 = PAJ_X,H_% if w, =1 else = xn+%.

Theorem (Convergence for DLPSA)

Under some assumptions,

E ”un _ X*Hz -0 (nfa min{1,3(1fﬁ)}) )

The projection complexity is O(e~1/?) for LPSA and O(s~/3) for DLPSA.
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Debiased Variant

lllustration
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Figure: Comparison between LPSA and DLPSA in averaged MSEs over 10
repetitions.
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Conclusion

Conclusion

@ Introduce LPSA to solve linearly constrained problems.

@ Characterize the full phase transition of asymptotic behaviors when
varying projection frequency by tuning .

@ Develope debiased LPSA to improve projection efficiency.
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